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Transmission operators

Motivated by various devices in optoelectronics, we investigate operators of
the form

P : u 7→ Pu := − div
`
"−1∇u

´
in R2

where " accounts for relative electric permittivity.
I Outside a bounded domain Ω ⊂ R2, " ≡ 1 (for air or vacuum).
I Inside the “cavity” Ω, " =: "c is smooth up to the boundary.
I At the interface @Ω, " has a jump.

Ω represents either
1. A dielectric micro-cavity and "c > 1 in Ω

2. A negative metallic nano-cavity Ω and "c < 0 in Ω.
The domain of P includes the transmission condition

uint = uext and "−1
c @nuint = @nuext on @Ω:

We study scattering resonances k of P .
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Black box Hamiltonians
The theory of resonances was first developed for Schrödinger semiclassical
operators with compactly supported potentials in Rd

P (h) = −h2∆+ V with 0 < h ≪ 1:

The black box formalism include numerous other cases, for example
bounded obstacle problems (Dirichlet / Neumann).

Definition, see Dyatlov and Zworski 2019, §4.1

A self-adjoint operator P on L2(Rd) and with domain D(P ) is called a
black box Hamiltonian if

1. Outside a bounded region B of Rd , P coincides with −∆ and D(P )
coincides with the Sobolev space H2.

2. The resolvent 1B(P + i)−1 cut-off inside this region B, is compact.

Property

If "c|@Ω ̸= −1, P : u 7→ − div
`
"−1∇u

´
is a black box Hamiltonian.
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Spectrum of a black box Hamiltonian

From condition P = −∆ in Rd \ B, it is clear that [0;+∞) is contained in
the essential spectrum of P .

Theorem, see Dyatlov and Zworski 2019, Thm. 4.5

Let P be a black box Hamiltonian. Its spectrum is ffcont(P )∪ffpp(P ) where
1. The continuous spectrum ffcont(P ) equals [0;+∞).
2. The point spectrum ffpp(P ) is a discrete real sequence (zn)N−≤n≤N+

with possible accumulation points at ±∞ (if N± = ±∞).

Note the possibility of an unbounded sequence of negative eigenvalues.

For P : u 7→ − div
`
"−1∇u

´
:

C"c > 0

ffpp(P ) = ?

C"c < 0

•••

0 > zn → −∞
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Resolvent of a black box Hamiltonian

• The resolvent z 7→ (P − z)−1 as an operator L2(Rd) → D(P ) is
meromorphic on C \ [0;+∞), with poles at the negative zn.

• The resolvent k 7→ (P − k2)−1 as an operator L2(Rd) → D(P ) is
meromorphic on C+ the physical half space1, with poles at the purely
imaginary kn ∈ iR+ such that zn = k2n .

•••

z ∈ C \ R+

+
√
z = k

•
•
• k ∈ C+

C−

1C+ = {k ∈ C | ℑk > 0}, the “physical” half-plane
C− = {k ∈ C | ℑk < 0}, the “non-physical” half-plane
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Resonances of a black box Hamiltonian

Theorem and Definition, see Dyatlov and Zworski 2019, Thm. 4.4

Let P be a black box Hamiltonian. The resolvent k 7→ (P − k2)−1 as an
operator L2comp(Rd) → Dloc(P ) has a meromorphic continuation to
I C \ R− = C+ ∪ (0;+∞) ∪ C− in any dimension d

The poles of k 7→ (P − k2)−1 are called (scattering) resonances.

Remark: it extends to C, if d is odd, and Λ = exp−1(C\{0}), if d is even.
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Resonances of a black box Hamiltonian

Theorem and Definition, see Dyatlov and Zworski 2019, Thm. 4.4

Let P be a black box Hamiltonian. The resolvent k 7→ (P − k2)−1 as an
operator L2comp(Rd) → Dloc(P ) has a meromorphic continuation to
I C \ R− = C+ ∪ (0;+∞) ∪ C− in any dimension d

The poles of k 7→ (P − k2)−1 are called (scattering) resonances.
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10 5 0 5 10
(k)

6

4

2

0

2

4

6

(k
)

k ∈ C

Ω disc of radius 1
Dirichlet problem in R2 \ Ω

10 5 0 5 10
(k)

6

4

2

0

2

4

6

(k
)

k ∈ Λ and −ı < arg k < ı
Zoïs Moitier (ENSTA Paris) Scattering resonances of transparent obstacles 7 / 29



Outgoing radiation condition: separation of variables
For k ∈ C+, k ̸= kn, consider u solution of

− div
`
"−1∇u

´
− k2u = f ; in R2; with f ∈ L2comp(Rd):

Outside a ball B(0; R0) containing Ω ∪ supp(f ),

−∆u − k2u = 0:

Hence, u expands in polar harmonics, indexed by the polar index m ∈ Z as

u =
X
m∈Z

um(r)e
im„

where um is solution of

−1

r
@r (r@rum) +

m2

r2
um − k2um = 0; r > R0:

Hence, um is a priori a linear combination of the two Hankel functions

um(r) = am(f ; k)H
(1)
m (kr) + bm(f ; k)H

(2)
m (kr); r > R0:
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Outgoing radiation condition: Hankel 1 vs Hankel 2

ℑk > 0 ℑk = 0 ℑk < 0

r 7→ H
(1)
m (kr) exp. decreasing oscillating exp. increasing

r 7→ H
(2)
m (kr) exp. increasing oscillating exp. decreasing

For k in the physical half-plane C+, the resolvent is meromorphic
L2(Rd) → D(P ). But

uext =
X
m∈Z

“
am H

(1)
m (kr) + bm H

(2)
m (kr)

”
eim„; belongs to D(P ) ⊂ L2(R2)

if and only if
bm = 0; ∀m ∈ Z:

By meromorphic continuation, this condition is valid for all k ∈ C \R−, and
can be phrased as

u =
X
m∈Z

am H
(1)
m (kr)eim„; r > R0:

This is the so-called “outgoing radiation condition” .
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Imaginary part of resonances

Resonances k with small imaginary parts, i.e. |ℑk | ≪ 1 are important
because

1. They allow the concentration and the guidance of waves in physical
devices.

2. They allow computations by the coupled mode method (expansion
along a finite number of resonance pairs).

We compare what is known in distinct cases:
I Scattering by convex transparent obstacle with "c > 1

I Existence of sequences s.t. ℑk → 0 super algebraically,
I Existence of so-called “whispering gallery modes” (WGM).

I Scattering by convex impenetrable obstacle
I ∃ a strip R× [−a; 0] free of resonances below the real axis.
I ℑk tends to −∞ when ℜk → +∞ |ℑk | & (ℜk)1=3

I Scattering by metallic obstacle with "c < 0 ?

See Popov and Vodev 1999; Sjöstrand and Zworski 1999; Moiola and Spence 2019.
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Illustration of results

We highlight some results of

I M. “Étude mathématique et numérique des résonances dans une micro-cavité
optique”. 2019REN1S053. PhD thesis. 2019

I Balac, Dauge, Dumeige, et al. “Mathematical analysis of whispering gallery
modes in graded index optical micro-disk resonators”. In: EPJ D 74.11
(2020)

I Balac, Dauge, and M. “Asymptotics for 2D whispering gallery modes in
optical micro-disks with radially varying index”. In: IMA J. Appl. Math. 86.6
(2021)

I Carvalho and M. Scattering resonances in unbounded transmission problems
with sign-changing coefficient. arXiv:2010.07583. 2022

by considering the particular cases when
I Ω is a disk (of radius R)
I "c is constant
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Modal equation in a disk with constant index

Sep. of variables −→ family of prob. indexed by polar mode index m ∈ N

(Pm)

8><>:
−(w ′′ + w ′

r ) +
m2

r2
w − k2"cw = 0; r ≤ R

[w ] = 0; ["−1
c w ′] = 0 r = R

w(r) = H
(1)
m (kr); r > R

Hence the following form for w : w(r) = a Jm(nckr) if r ≤ R with

I Bessel functions Jm and the “optical index” nc = −
√
"c

Continuity of w(r) and "c(r)
−1w ′(r) at r = R yields the modal equation

solving (Pm):

Find k ∈ C \ R− s.t. J′m(ncRk) H
(1)
m (Rk)− nc Jm(ncRk)H

(1)
m

′
(Rk) = 0

Next: graphs of solutions k with m-dependence in sheet −ı < arg k < ı of
the logarithmic plane Λ for several values of "c
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Resonances for "c = 2:25 (dielectric)
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Spectrum and resonances for "c = −2=3 (negative)
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Spectrum and resonances for "c = −2:25 (negative)
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Quasi-Resonances, m → +∞
"c > 1 , "c = n2c . ∃ distinct families m 7→ k j(m) ∈ R+ for each
j = 1; 2; : : : and Ai(−aj) = 0

k j(m) =
m

Rnc

"
1 +

aj
2

„
2

m

« 2
3

− 1

2nc
√
"c − 1

„
2

m

« 3
3

+O
“
m− 4

3

”#

"c < −1 , "c = −”2c with ”c > 0. ∃ one family m 7→ k(m) ∈ R+

k(m) =
m

R”c

√
−"c − 1

"
1 +

"c + 1

2”c

„
1

m

«1

+O
`
m−2

´#
Results from the construction of quasi-modes for a 1D semi-classical operator with
h = 1

m
. Power series solve a seq. of eqs. obtained by scaling and Taylor

expansions. Different scaling appears:
I r 7→ (r − R)m for r > R (exterior)
I r 7→ (R − r)m2=3 for r < R when "c > 1 (Whispering Gallery Modes)
I r 7→ (R − r)m1 for r < R when "c < −1 (pseudo-plasmons)
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Plots of the resonance modes
"c > 1 m = 5 m = 10 m = 20 m = 40

j = 1

j = 2

j = 3

"c < −1
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Quasi-resonances vs true resonances

Theorem
For any m ≥ 1, exists a true resonance k•(m) s.t.

k•(m) = k•(m) +O
`
m−∞´:

Proof relies on:
1. Asymptotic quasi-mode construction and Borel summation: This yields

families of quasi-pairs that solve the true equation mod. O(m−∞)

2. Black box scattering with hypothesis (#):
• Tang and Zworski 1998 “From quasimodes to resonances”
• Stefanov 1999 “Quasimodes and resonances: Sharp lower bounds”

(#) requires a polynomial growth for the spectral counting function N(–)
of a reference problem P# obtained as a restriction of P on a large flat
torus containing Ω.
(#) — obvious in dielectric case — in negative case is proved in Mandel,
M., and Verfürth 2022.
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Negative eigenvalues, m → +∞ for negative "c

"c = −”2c with ”c > 0. Note that nc = −i”c.

"c < 0 For each j = 1; 2; : : :, ∃ a distinct family m 7→ k j(m) ∈ iR+

k j(m) =
im

R”c

"
1 +

aj
2

„
2

m

« 2
3

− 1

2”c
√
1− "c

„
2

m

«
+O

“
m− 4

3

”#

−1 < "c < 0 ∃ one family m 7→ k(m) ∈ iR+

k(m) =
im

R”c

√
"c + 1

»
1 +

"c + 1

2”c

„
1

m

«
+O

`
m−2

´–

Theorem
For any m ≥ 1, exists a negative eigenvalue –•(m) s.t.

–•(m) = k•(m)2 +O
`
m−∞´:
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Resonances for "c = 2:25 (dielectric)
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Spectrum and resonances for "c = −2=3 (negative)
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Spectrum and resonances for "c = −2:25 (negative)
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What about the imaginary part of resonances?
I All resonances have the form k•(m) = x•(m)− iy•(m), x ∈ R, y > 0.
I Quasi-resonances k•(m) are real positive.
I Consequence of main theorem

y•(m) = O(m−∞)

Up to now, y•(m) is only accessible by numerical computations.

• Helffer and Sjöstrand 1986: For an analytic potential (“puits dans
l’isle”) a formula was proved, stating that the imaginary part decreases
exponentially as m → ∞.

• Dyatlov and Zworski 2019, § 2.8.1: For potential
V (x) = (1 + x2)1[−1;1](x) in R there exists a resonance k(h) for
−h2∆+ V such that

k(h) = 1 + h − i 4ı−1 h
1
2 e−1=h(1 +O(h)):

We expect a formula, for some S0 accounting for tunneling effect

y•(m) ∼ e−2S0m
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Schrödinger analogy

Eq. −1

r

“ r
"
w ′
”′

+
m2

r2"
w = k2w can be rewritten as the Schrödinger eq.

−h2 Lw + (V − –)w = 0

I h = m−1 the semiclassical parameter;
I – = m−2k2 the effective energy;
I Lw = 1

r (
r
"w

′)′ a “Laplacian like” operator;

I V (r) = r−2"(r)−1 the effective potential.

0

–

V

R r

" ≡ 1" > 1
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Schrödinger analogy and tunneling effect ("c > 1)

Eq. −1

r

“ r
"
w ′
”′

+
m2

r2"
w = k2w can be rewritten as the Schrödinger eq.

−h2 Lw + (V − –)w = 0

I h = m−1 the semiclassical parameter;
I – = m−2k2 the effective energy;
I Lw = 1

r (
r
"w

′)′ a “Laplacian like” operator;

I V (r) = r−2"(r)−1 the effective potential.

–0
0

–

V

R r

" ≡ 1" > 1

A formal WKB analysis yields y•(m) ∼ e−2S0m where

S0 =

Z 1=
√
–0

R

p
V (r)− –0 dr with –0 = lim

h→0
– =

1

R2"c
> 0
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Schrödinger analogy and tunneling effect ("c < −1)

Eq. −1

r

“ r
"
w ′
”′

+
m2

r2"
w = k2w can be rewritten as the Schrödinger eq.

−h2 Lw + (V − –)w = 0

I h = m−1 the semiclassical parameter;
I – = m−2k2 the effective energy;
I Lw = 1

r (
r
"w

′)′ a “Laplacian like” operator;

I V (r) = r−2"(r)−1 the effective potential.

" < −1

"

–0

0

–

V

R r

" ≡ 1

A formal WKB analysis yields y•(m) ∼ e−2S0m where

S0 =

Z 1=
√
–0

R

p
V (r)− –0 dr with –0 = lim

h→0
– =

1

R2

„
1 +

1

"c

«
> 0
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Numerical approximation

We want to investigate the asymptotics of y•(m), if any.
I The main obstacle: different orders of magnitude as m → +∞
x•(m) = O(m) whereas y•(m) = O(m−∞)

I The computational precision has to be larger than x=y in order to give
at least one significant digit for y .

Our choice for computing is to use a simple and robust algorithm2 that can
be coded from scratch in Julia using quadruple precision arithmetic:

0 R r

w(r) = H
(1)
m (kr)

2The algorithm resolves boundary layers around interface. Also supports varying
coefficients → different shapes of well bottoms as half-triangular, half-harmonic,
harmonic.
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I The computational precision has to be larger than x=y in order to give
at least one significant digit for y .

Our choice for computing is to use a simple and robust algorithm that can
be coded from scratch in Julia using quadruple precision arithmetic:

0 R r̃r̃ = (1 + iff)r

w(r) = H
(1)
m (kr̃) → 0

Perfectly Matched Layer : By complex scaling, an equivalent formulation of
−1
r (
r
"w

′)′ + m2

r2"
w = k2w is found, for which the radiation condition

becomes w(r) → 0 as r → ∞.
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I The main obstacle: different orders of magnitude as m → +∞
x•(m) = O(m) whereas y•(m) = O(m−∞)

I The computational precision has to be larger than x=y in order to give
at least one significant digit for y .

Our choice for computing is to use a simple and robust algorithm that can
be coded from scratch in Julia using quadruple precision arithmetic:

0 R 2R

w = 0

r̃

Cut-off : (typically at r = 2R) with Dirichlet boundary condition.
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Numerical approximation

We want to investigate the asymptotics of y•(m), if any.
I The main obstacle: different orders of magnitude as m → +∞
x•(m) = O(m) whereas y•(m) = O(m−∞)

I The computational precision has to be larger than x=y in order to give
at least one significant digit for y .

Our choice for computing is to use a simple and robust algorithm that can
be coded from scratch in Julia using quadruple precision arithmetic:

•
0

•
‹0

•
R

• •
2R

Finite Differences: on grids with constant steps ‹, with a node at r = R.
The discretized problem coincides with P1 finite elements with mass
lumping.
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Numerical approximation

We want to investigate the asymptotics of y•(m), if any.
I The main obstacle: different orders of magnitude as m → +∞
x•(m) = O(m) whereas y•(m) = O(m−∞)

I The computational precision has to be larger than x=y in order to give
at least one significant digit for y .

Our choice for computing is to use a simple and robust algorithm that can
be coded from scratch in Julia using quadruple precision arithmetic:

•
0

•
‹0

•
R

• •
2R

•
0

•
‹0=2

• • •
R

• • • •
2R

1 extrapolation

Multiple Extrapolations: Taking advantage of the regular convergence —
expansion of discrete eigenvalues as powers of ‹2 (?), we perform multiple
nested extrapolations from computations with ‹n = 2−n‹0, n = 12; : : : ; 17
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Numerical examples

We will look at two cases:

"c = +2:25 (positive case) and "c = −2:25 (negative case):

For k•(m) = x•(m)− iy•(m), the assumption is that

y•(m) ∼ ech
−1

(= e−2S0m):

We will show the graphs
1. The imaginary part:

m 7→ log(y•(m)) ∼ ch−1 (= −2S0m)

2. The slope:

hm =
1

m
7→ log(y•(m + 1))− log(y•(m)) ∼ c (= −2S0)
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The positive case: Float64 "c = 2:25

The imaginary part m 7→ y•(m)

Zoïs Moitier (ENSTA Paris) Scattering resonances of transparent obstacles 25 / 29



The positive case: Float128 "c = 2:25

The imaginary part m 7→ y•(m)
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The negative case: Float64 "c = −2:25

The imaginary part m 7→ y•(m)
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The negative case: Float128 "c = −2:25

The imaginary part m 7→ y•(m)
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The positive case: Float64 "c = 2:25

h 7→ slope ∼ c (= −2S0)
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The positive case: Float128 "c = 2:25

h 7→ slope ∼ c (= −2S0)
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The negative case: Float64 "c = −2:25

h 7→ slope ∼ c (= −2S0)
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The negative case: Float128 "c = −2:25

h 7→ slope ∼ c (= −2S0)
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Generalizations (cavities and permittivities)

Whispering Gallery and plasmonic resonances
We can extend the asymptotic expansion to non-circular smooth cavities
with smooth variable coefficient "c. For each connected component Γ‘ of
@Ω, we have
I if "c(Γ‘) > 1, [if »+ @n"c=(2"c) > 0 on Γ‘]

k‘j (m) = m
“
c‘0("c) + c‘1("c; j; »)m

− 2
3 +O

`
m−1

´”
;

I if "c(Γ‘) < −1, [without other condition]

k‘(m) = m
“
d ‘0("c) + d ‘1("c; »)m

−1 +O
`
m−2

´”
:

c‘0("c) = 2ı

»Z
Γ‘

√
"c dff

–−1

and d ‘0("c) = 2ı

»Z
Γ‘

(1 + "−1
c )−

1
2 dff

–−1
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Conjectures

Conjecture (supported by numerical experiments)

1. If −1 < "c < 0, for any ˛ > 0, there are at most finitely many
resonances lying in the strip −˛ ≤ ℑk < 0.

2. If "c < −1, for any ˛ > 0, resonances lying in the strip −˛ ≤ ℑk < 0
are the plasmonic resonances k(m) (except possibly a finite number).

Conjecture (supported by numerical experiments)

There holds, for some computable S0 accounting for tunneling effect

ℑk•(m) ∼ e−2S0m:

This conjecture seems to hold true for smooth variable coefficient "c.

Thank you for your attention
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